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The main part of the present paper is written in Russian. Here we give a brief summary 
in English. 

We give certain generalization of Niederreiter's result from [2] concerning famous 
Zaremba's conjecture on existence of rational numbers with bounded partial quotients. 

Let a,m,s G Z + ,a > 2. We consider a sequence of integers ai,...,a n and the 
continuant (a 1; . . . , a n ). Suppose that 

cij < N, i = 1, . . . ,n,N G Z+. 

By f(a m , N) = f m we define the number of such sequences with elements bounded by iV 
and such that 

(at, ...,a n ) = a m . 
Define polynomials P s = P S {X) in the following way: 

' X 3 - sX 2 - sX- s, if s = 0( mod 8),s>6 (1) 

A 3 -(s + 2)A 2 + (s + 2)A-(s-2), if s = 2( mod 8),s>6 (2) 
A 3 - (s + 2) A 2 + sX + (s + 4) , if a = 4 ( mod 8) , s > 6 (3) 

A 3 -sA 2 -(s + 2)A + (s + 2), ifa = 6( mod 8),s>6 (4) 

A 2 - 4A - 4, if s = 4 (5) 

A - 2, if s = 2 (6) 

LA-s-1, if s = 1 ( mod 2),s>3 (7). 

Theorem 1. For any given a > 1 and s > 1 /or a// m one has 

f{a rn ,a s ) > rC 1 (s)m logaA l, 
Here C\(s) depends on s only and 

Ci > s - lo S2(s+i)-3 ; 

where the constant in the sign ^> is absolute and X is the largest roolt of the polynomial 
P S (X). 

Here we note that for the largest roots Ai, A2, A3, A4 of the polynomials (1) — (4) one 

has 

Q 

Ai = s + l + 4, where 0i G (-1,0); 
3 3 

A 2 = s + 1-- + - + ^, where 9 2 e (0,3); 
3 3 

A 3 = s + l-- + -- -|, where 3 G (-9,-6); 

Q 

A 4 = s + l + 4, where 4 G (-1,0). 
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Theorem 2. There exists s £ N such that for N > a s ° and for m large enough one 

has 

f(a m ,N) > [C 2 (A0m log2A ], C 2 (N) > 2^ lo &°^ N , 

where A is the largest real root of -of the polynomial (3) with s = [log a N\ . 

We note that for s = 6 the polynomial (4) is a characteristic polynomial for the matrix 
2A where 

(2 1 1 N 

A = 2 1 

V 1 i> 

Theorem 3. For m large enough and s = 6 one has the following improvement of the 
bound from Theorem 1: 



f(a m ,a 6 )> 



here C > 0, \x is the largest eigenvalue of the matrix 

(2 1 1\ 5 /0 1 -V 
5= 2 1+ 1-1] (8) 
\1 11/ \0 1 -1, 

We note that for s = 6 one has 

2^/Jl - A > 0,0000756, 

where A is the lagrest eigenvalue of the matrix 2 A, and /U is the largest eigenvalue of B. 
Theorem 4. For m > 8 one has J(3 m ,4) > . 
Theorem 5. Let k e Z+, fc > 2. T/ien /(2 2 *- 1 , 3) > 2 fc 
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KojiHHecTBeHHbie o6o6m,eHH5i pe3yjibTaTOB 
Hn^eppeHTepa o ijenHbix ,zjpo65ix. 



H.A- Ka H , H.A. KpoTKOBa 



AHHOTaiJ,HH 

IlycTi. d - HaTypajibHoe hhcjio > 2. TiinoTesa 3apeM6bi rjiacHT, hto cymecTByeT c G {1, 2, . . . , d — 1}, 
iyje (c, d) = 1 h pa3jio»ceHHe ^ b ijeimyio ,npo6b HMeeT Bee HenojiHbie nacTHbie MeHbiime koh- 
CTaHTM N . IlpeflnojiaraeTCH, hto N = 6, fljis npocTbix (i npeflnanaraeTCH N = 4. B 1986 ro/jy 
HnfleppeliTep flOKasaji cnpaBefljiHBOCTb rnnoTe3bi 3apeM6bi c N = 4 fljia d, HBjiaiomHxca CTene- 
hhmii 2 h 3 (cm. [2]), a TaKJKe pjm d, HBjraiomHxca CTeneHflMH 5 c N = 5. B Haeroflmeii pa6oTe 
6yayT nojiyneHbi KOJiHHecTBeHHbie o6o6m;eHHH pe3yjibTaTOB Hiifleppeirrepa, a HMeHHO, on,eHKa 
CHH3y KOJiHHecTBa nocjie^OBaTejibHOCTeii c orpaHHHeHHbiMH sjieMeHTaMH, KOHTHHyaHT KOTopbix 
HBjiaeTCH CTeneHbio npoH3BOJibHoro HaTypajibHoro HHCJia a > 2 . TaKJKe 6ya,eT noKa3aHa Heyjiyn- 
niaeMOCTb HeKOTopbix ou,eHOK b paMKax paccMaTpiiBaeivioro MeTO,a;a. 



1 BBe^eHHe. 

IlycTb HHCjia c, d G N TaKOBti, hto (c, d) = 1, pn;e 1 < c < d— 1. Tor^a 4 npe^cTaBHMa b 
BH^e n;enHOH ^;po6H 

— = [0; ai, . . . ,a n ] = [at, . . .,a n ], 



c 
d 



at + 



1 



a 2 + 



1 



+ 



r,n;e at, - ■ ■ ,a n - HenojiHbie nacTHtie (TaK>Ke Ha3BiBaeMbie sjieMeHTaMii ijenHoft ,h;po6h) h 
ai G N, i = 1, . . . , n. 

3HaMeHaTejib KOHeHHoii ijenHoft ^po6n [at, ■ ■ ■ ,a n ] = [u] - sto (pymajiia ot nocrre- 
^oBaTejibHocTH u = (ai, . . . , a n ). 3to hhcjio Ha3BiBaeTcs KOHTHHyaTOM u h o6o3HaHaeT- 
ca (ai, . . . ,a n ) hjih (u). /Jjih Kaxc^oft nocjie^oBaTejibHocTH u G N n onpe^ejiHM u_ = 
(02, • • • , On) H u_ = ■ • ■ ) o n _i). ByneM TaiQKe nucaTB {u} fljia nocjie^oBaTejibHoc™ 
(a n , . . . , ai). A^ 3 nycToro KOHTHHyaHTa u nojio>KHM [u] = [{u}] = 0, (u) = 1. 

yTBep>K/],eHHe 1. (cm. [1]) Ilycmb u= {ut, ■ ■ ■ ,u n ),n > 2 - nocAedoeameM>nocrm> na- 
mypajibHUX hucca. Todda: 

(1) 

ut 1 ... 

-1 u 2 1 

(u) = -1 us 1 







-1 U r 
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(2) (m, . . . ,u n ) = (u n , . . . ,m) 



(3) ecAu u 2 ^ 1, mo (l,u 2 - l,u 3 , ...,u n ) = (u 2 , ...,%) 

rnnoTe3a 3apeM6t>i rjiacHT, hto rjis jiio6oro d > 2 cymecTByeT ^;po6b §, Bee Henoji- 
Hbie nacTHbie KOTopoft CTporo MeHtine Af. IIpe^nojiaraeTca, hto Af = 6. B 1986 ro^y 
Hn^eppeHTep noKaaaji, hto rnnoTe3a BepHa ^jia nncen d, aBjiaioiinixcH cTeneHHMii 2 h 3 
c orpaHHHeHHeM AT = 4, a TaK>Ke fljia Hiiceji d HBjiaromHxcs: cTeneHSMH 5 c orpaHHiemieM 
N = 5 (cm. |2J). B 2002 ro^y cnpaBe^jiHBocTb 6tijia ,n;oKa3aHa ^jia d - cTenemi 6 c iV = 6 
[3j, b 2005 ro^y 6biji nojiyneH nojiojKHTejibHbm pe3yjiBTaT fljiH d, HMeiomero BHfl 7 k ' 2n , 
r^e = 1,3,5,7,9,11 h A" = 4 [I]. B HacTosmeft cTaTBe 6yn;eT nojiyneira ou,eHKa chh- 
3y KOJiH^ecTBa nocne^oBaTejibHocTeft HaTypajiBHBix nnceji (ax, ... , a n ) c orpaHUHemibiMH 
3jieMeHTaMH h KOHTimyaHTOM, paBHbiM a m , rjiea, m e N, a > 2, n — He cpuKcupoBaHo , H3 
KOTopoii oHeBHflHo cjie^yeT on,eHKa cHH3y KOjmiecTBa ueimbix ^po6efi c orpaHUHemibiMH 
HenojiHbiMH nacTHbiMH h 3HaMeHaTejieM, paBHbiM a m . 06ih;hh pe3yjibTaT ccpopMynnpoBaH 

HHJKC 



2 OcHOBHbie pe3yjibTaTbi. 

IlycTb a,m,s G N, a > 2. ByseM paccMaTpuBaTB nocjie^oBaTejiBHocTH HaTypajiBHBix 
HHceji ai, . . . , a n npoH3BOJiBHofl ^jihhbi Ti, KOHTHHyaHT KOTopBix (ai, . . . , a„) paBeH HeKO- 
Topoft m-oft CTeneHH HHCJia a, npiineM ^jih sjieMeHTOB nocneflOBaTejibHOCTeft BbinojiHeHo: 
Oi < N,i = l,...,n,N eN. 

IlycTb f(a m , N) = f m - KojiHiecTBo nocjie^oBaTejibHocTeft yKa3aHHoro BH^a, kohth- 
HyaHT KOToptix paBeH a m . Onpe^ejiHM Taxace MHoronjieH P s = P S (X) npn pa3JiHHHbix 
3HaHeHH3x s: 



( A 3 


— sA 2 — s\ — s, 


npn s 


= o( 


mod 


8),s > 6 


(1) 


A 3 


- (s + 2) A 2 + (s + 2) A - (s - 2) , 


npn s 


= 2( 


mod 


8),s > 6 


(2) 


A 3 


-(s + 2)A 2 + sA + (s + 4), 


npn S E 


= 4( 


mod 


8) , s > 6 


(3) 


< A 3 


-sA 2 -(s + 2)A + (s + 2), 


npn s 


= 6( 


mod 


8),s > 6 


(4) 


A 2 


- 4A - 4, 






npn s = 4 


(5) 


A - 


-2, 






npn s = 2 


(6) 


.A- 




npn s 


= 1( 


mod 


2),s > 3 


(7) 



TeopeMa 1. JJam ak>6ux namypaAWbtx cjjuKcupoeanHux a u s, ne paenux 1, Bjih ecex 
docmamoHHO 6ojibiuux m cnpaeedjiuea oi^enna 

f(a m ,a s ) > [C^^m 1 ^^, 

pacmyvu^afi cmeneHHUM o6pa30M no m, 

sde noJiootcumejibHoe hucao Ci(s) 3aeucum mojibno om s, 

Ci > s - lo g2(^+i)-3 5 

KOHcmaHma e 3Hane " a6coAwmHCui, A - Hau6oAbmuu U3 deucmeumeAbHux Kopneu 

MHOdOHAQHCL P S (A). 
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Ai 


= s + 1 + 


Oi 




s 2 ' 




A 2 




3 


3 


= 8 + 1- 


- + 

s 2 




A 3 




3 


3 


= 8 + 1- 


- + 

s 2 




A 4 


= S+1 + 


S 2 ' 





3aMenaHue 1. IlycTB Ai, A2, A3, A4 - HanGojiBiiiHe H3 fleftcTBHTejibHbix KopHeii 
MHoroHjieHOB (1) — (4) cooTBeTCTBeHHo. Tor^,a: 

r^e X e (-1,0); 
+ ^f, r A efl 2 G(0,3); 

r^e^G (-9,-6); 
r^e 9 4 G (-1,0). 

TeopeMa 2. Cyu^ecmeyem s G N, manoe nmo npu N > a s ° , 8ah docmamoHHo 6oAt>uiux 
m cnpaeedAuea oyenKa (pacmyu^an no m): 

f(a m ,N) > [C 2 (A0m log2A ], C 2 (N) > 2- 5lo ^ l °^ N , 
A - Hau6oAt>muu U3 deucmeumeAbnux nopneu MHOsouAena (3) npu s = [log a N\ . 

3aMeHanue 2. Ilpa s = 6 MHoronjieH (4) HBjiHeTCH xapaKTepncTHHecKHM ,zyiH MaTpinjbi 
2A, r^e 

"1 1 1 N 
2 1 

TeopeMa 3. i7pu docmamoHHo 6oAt>uiOM m u s = 6 meopeMa 1 donycKaem yAynuienue. 
CnpaeedAuea oyenKa: 



f(a m ,a 6 )> 



2<?e C > 0, \x - Hau6oAt,uiee U3 deucmeumeAbnux co6cmeennux 3nanenuu .nampuyu 
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(8) 



3aMeHanue 3. IIpH s = 6 BBinojimieTCH cjieflyiomee HepaBeHCTBo: 

2tfl- A > 0,0000756, 

r,n;e A - HanGojibiiiee 113 ^eficTBHTejiBHBix co6ctb6hhbix 3HaHeHHft MaTpnijbi 2 A, 
fi - HanGojiBiiiee 113 ^eiicTBHTejiBHBix coGctbghhbix 3HaHeHHft MaTpimBi B. 

TeopeMa 4. Upu m > 8 cnpaeedAuea ou^enna: /(3 m ,4) > j" 122 ^-] . 

TeopeMa 5. IJycmt, k G N, fc > 2, mosda cnpaeedAuea ov ) enKa: f(2 2k ^ 1 ,3) > 2 k 

3aMeHanue 4. yTBepac^eHHH TeopeM ocTaioTCH BepHbiMH, ecjiH bmccto nocjie^oBaTejiB- 
HocTeii paccMaTpHBaTB ijermbie ^,po6n c orpaHHieHHBiMii sjieMeHTaMH. 
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■ i 


b 






npu r 


7^0, 


(ui,. 


■ j ^n- 


-1) 


u n - 1,6- 1, 1, W„, . . 


.,Ui) 


npu r 


7^0, 


(Ui, . 


■ j ^n- 


-lj 


Uyj -)- 1, lt n 1, U n —l, . 


• • , Ui) 


npu r 


= o, 




■ j ""n- 


-lj 


U n 1, u n -\- 1, tt n _x, . 


. .,Ux) 


npu r 


= 0, 



3 OnncaHHe MeTO^a, ocHOBHbie jieMMbi. 

JleMMa 1. [1] ITycmu b G N, b > 1, u — (u±, . . . , u n ) - nocAedoeameAbnocmb namypaAb- 
hux HuceA, npuneM u n > 1. IToAoafcuM 

W =(U U U n _i, U n - 1, 1, 6 - 1, U n , . . . , Ui), 
U>/ . . . ,U n -i,U n - l,U n + • • • ,Ui). 

. Tozda (w) = b(u) 2 , (wf) = (u) 2 . 

JleMMa 2. ITycmu 3adano in > s. ITycmu b = a r , zde a, r G No, a > 2, r < s, 
r = m ( mod 2) u u = (ux, • • • , u n ) - nocAedoeameAbnocmb namypaAbnux nuceA, manafi 
umo 1 < Ui < a s — 1, i = 1, . . . , n, ui,u n ^l,a s — l u (u) = . 
Tozda: 

(1) JJam nocAedoeameAbHocmeu 



W= (Wx, ...,Wj) 



cnpaeedAueo (w) = a m ; 
(2) 3ar nepeHucAennux nocAedoeameAbnocmeu w = (w\, . . . , wj) : 

• J = 2(n + r); 

• 1 < Wj < a s — 1 3ah 1 < j < J; 

• Wx,wj ^ l,a s - 1; 

• ece omu nocAedoeameAbnocmu pa,3AUHHU. 

JJ,oKa3ameAbcmeo. Bee yTBepac^eHHa jieMMbi 2 cjie^yioT H3 jieMMBi 1, yTBepxcfleima: 1 h 
onpe^ejieHHa nocjie^oBaTejiBHocTeft. □ 

JleMMa 3. IJycmb nocAedoeameAbnocmu W\ u W2, (wx) = (lib) = a m noAynenu U3 
u = (tlx, • • • , u n ), (u) = d mi u v = («!,..., Vk)i (v) = a 1712 no AeMMe 2 c ucnoAb3oeanueM 
bi = a Tl ub<i = a 1 " 2 coomeemcmeenno. Tozda, ecAu u u v pa3Auunu, mo W\ u w 2 manotce 

POSAUHHU. 

/joKa3ameAbcmeo. IlycTB nocjie,ri;oBaTeji£>HocTb u ynpBjieTBopjieT ycjioBHio jieMMti 2, 
nocjie^oBaTejibHocTb wi nojiyneHa H3 u. Tor^a ^jiHHa w x mojkct 6bitb paBHa 2n hjih 
2n + 2. AHajiorHHHO, ecjin v ya;oBjieTBopaeT ycjioBHio ji6mmbi 2, to flJiHHa w 2 , nojiyneHHofl 
H3 Hee, MOJKeT 6bitb paBHa 2k hjih 2k + 2. 
PaccMOTpHM 2 cjiynaH: 

1. IlycTb n = k (^jihhbi nocjie^oBaTejiBHocTen coBna^aioT). Torja;a ecjin n = r 2 = 0, 
to nocjiejj;oBaTejiBHocTH Wi h w 2 MoryT HMeTB bhjj, 



Wi 



(Ux, ■ ■ ■ , U n -x, U n + l,U n - 1, M n -1, • • • , Ml), 
(«!,..., U„_i, M n - 1, «„ + 1, «„-!, • • • , Mi); 
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w 2 



(Ul, . . .,V n -!,V n + l,V n - l,U„_i, • • . ,Ui), 
(ui, . . . ,U n _i, V n -l,V n + l,U„_i • • . ,Ui), 



IIpe^nojiojKHM, hto wi = W2. 3to HeB03Mo>KHo, Tax Kax b 3tom ory^ae, Bo-nepBt>ix, 

(Ui,..., U n _i) = (fl, . . . , M„_i) H, BO-BTOpBIX, JIIl6o M n = M n , 
JIIl6o U n + 1 = V n — 1 H M n — 1 = V n + 1 O^HOBpeMeHHO. 

Ecjih ace r±, r 2 > 0, to 



Wi 



(ui,...,w„,a ri - 1, l,u n - l,u n _i, . 
(ui, . . . , m„ - 1, 1, a ri - 1, m„, . 



w 2 



,Vi), 



(ui, . . . , u n , a r2 - 1, 1, u n - 1, u n _!, 
(ui, . . . , u„_i, u„ - 1, 1, a T ' 2 - 1, v n , . . . , vi). 

Ecjih npe/rnojioJKiiTb, hto wi = w 2 , nojiyHHM, BBH^y u/ v, 

... , «„, a ri - 1, 1, m„ - 1, u n -i, . . . , ui) = (vi, . . . , v n -!,v n - 1, 1, a 1 " 1 - 1, v n , . . . , vi), 

TO eCTB U n = V n — 1 II M n — 1 = V n , O^HOBpeMeHHO, HTO HeB03MO)KHO. 

2. IlycTB n = k + 1 (^jihhbi nocjieflOBaTejit>HocTeii u ii v oTjiiinaioTCJi Ha 1), Tor^a 
T\ = 1, r 2 = h 



Wi 



w 2 



(Ml,..., Mfc, U k+ i + 1, U fc+ i - 1, U k , . . . , Mi), 
(Ml,..., Mfc, M fe+ i - 1, u k+l + l,u k ,..., Mi); 

(ui, . . .,v k ,a r ' 2 - 1, - l,u fc _i, . . . ,v ± ), 
(ui, . . . ,Ufc_i,v fc - 1, l,a r2 - l,u fc , . . . ,ui), 



npe^;nojio>KHB, hto wi = w 2 , nojiyniiM v k = u k vi v k — \ = u k o^HOBpeMeHHO, hto H6B03- 

M05KHO. □ 

3aMeH(iHue 5. IlycTb b pe3yjiBTaTe npiiMeHeHiui jicmmbi 2 Gbijia nojiyneHa nocjieflOBaTejib- 
HocTb u = («!,..., u n ), (u) = a m , 1 < Ui < a s — 1, i — 1, . . . , n, Tor/xa jijts nocjieflOBa- 
TejibHocTett (1, -Ui — 1, ... , M n ), (mi, . . . , u n — 1, 1) ii (1, Mi — 1, . . . , u n — 1, 1) BbinojiHeHo: 

1. KOHTimyaHTbi paBHbi a m ; 

2. 3JieMeHTbI HBJIHIOTCH HaTypajIbHblMII HHCJiaMH; 

3. sjieMeHTbi cTporo orpamiHenbi cBepxy hiicjiom N = a s . 

4. yKa3aHHbie nocjie^oBaTejibHocTii paajiHHHbi. 
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OnHcaHHe MeTO/],a. JJasi oyenKU f m , sde m > 2, 6ydeM ucnoAU3oeamb hucacl g m , onpe- 
deAennue CAedymu^uM o6pa30M: 

92 = ■■■ = 9s+2 = 1; 
npu m > s + 3 hucao, g m onpedeAHwmcA peKyppenmnuM coomHomenueM 

Lf J 

2 £ </*. (9) 

i7pw s > 3 c?a« m = 2, . . . , s cnpaeedAueo: f m > Ag m , maK kclk 3aa Kacncdoeo U3 ma- 
kux m 6ydem cyu^ecmeoeamu xomn 6u odna nocAedoeameAbnocmb uamypaAbnux hucga 
(ui, . . . ,u n ) c Ui < a s ,i = 1, ... ,n, y Komopou Ui,u n ^ l,a s — 1 3mo cAedyem U3 cy- 
mecmeoeaHUH 3ah nacncdoeo maKoso m necoKpamuMux dpo6eu co 3naMeHameAAMU a m , 
HUCAumeAHMU Menuuie nenoAHue uacmnue npedcmaeAenuH e eude yennou dpo6u 
Komopux ospanunenu (cmposo) a s . MnooKumeAt, 4 nonejinemcn cosAacno 3a.MeHanum 5. 
nocAedoeameAbHocmu, Koumuuyaumu Komopux paenu a s+1 ,a s+2 u a s+3 , 6ydym cyu^e- 
cmeoeamt, cozAacno AtMMt 2, npuMentwnou k nocAedoeameAbHocrnHM c Konmunyanma- 
mu a La J ) aL~J u 3aMeuaHum 5. 

flAH m > s + 3, e pe3yAhmame npuMenenu.fi acmm 2, 3 c posauhhumu r G 1, . . . , s, 
sde r — m{ mod 2), noAynuM, umo f m > g m . LtpuMenenue 3a.MeHanu.fi 5 daem f m > 4g m . 
(/(ah cAyuaee ogpanunenuu N , ne paccMompennux 3dect>, paccyotcdenufi 6ydym npoeede- 
hu omdeAbHO.) 

Memod cocmoum e moM, umo6u damu eo3MOOK.no 6oAee moHnym huokhww oyenny 
3aa g m na ocnoeanuu giopMyAu (9), npuMenennou docmamoHHO 6oAuuioe KOAunecmeo 
pas. 

TeopeMa 6. Ilycmb a, s G N, a > 2. B paMKax paccMampueaeMozo Memoda neeo3MootcHO 
npu giuKcupoeaHHOM s u m — > oo noAynumb 6oAee monnyw (no cpaeneHuw c meopeMou 
1) no nopndKy oyenny CHU3y 3ah eeAununu f(a m ,a s ) e CAynanx: 

(i) neuemnozo s > 3, 

(a) s = a, 

(in) s = 2. 

4 ^OKasaTejibCTBa TeopeM. 

Onpe,n,ejieHHe 1. ^jia RByx BeKTopoB u G Nq h v G Ng nojioxcHM u > v (u > v), 
ecjiH fljiH Ka>K^;oro i, 1 < i < n BbinojmeHo Ui > Vi (ui > Vi) . 

AHajiorHHHo, fljis flByx MaTpHn; A = (a^) G Nq h B = (pij) G Ng nojioacHM 
A > B (A > B), ecjin rjik KajK^ofi napBi i,j:l<i,j<n BbinojmeHo 



9m — 2 ^] g m -r — 

r=0 
r=m ( mod 2) 



8 



JJ,OKa3ameAhcmeo meopeMU 1. 
Cjiynaii neTHoro s > 6. 

^oKasaTejibCTBo pa3o6beM Ha 2 nacTH: s — 2( mod 4) n s = 0( mod 4) 

1. IlycTb s = 4(] + 2,c]GN. ^jifl jiioSoro neTHoro m > s + 2 peKyppeHTHaa cpopMyjia 9 
fljia g m co^ep>KHT f + 1 cjiaraeMoe, a fljia HeneTHoro m > s + 2 yKasamraH cyMMa HMeeT 
| cjiaraeMbix. BbmejiHM cpe^H nnceji g m ,m >2 Kjiaccbi Ax C A 2 C A 3 : 

A x = {gi\l = 0(mod2)} 

A 2 = { gi \l = 0(mod2)} U {g t \l = l(modA)} (10) 
A 3 = { 9l \leN} 

TaKHM o6pa30M, npn m > s + 3, npHHa^jie>KHocTb g m Kjiaccy mojkho onpeflejiHTb cjiepy- 
loinHM o6pa30M: 

A\ = {g m \ cyMMa b (9) co^ep>KHT | + 1 cjiaraeMbix, H3 KOTopbix |~|] neTHbie}, 

^2 — {gm\ CyMMa B (9) CO^,ep>KHT XOTH 6bI I CJiaraeMBIX, H3 KOTOpBIX xoth 6bi |~|] 

neTHBie} 

^3 — {<7m| cyMMa b (9) co,a;ep>KHT xoth 6bi I cjiaraeMbix, H3 kotopbix xots 6bi |_fj 
neTHbie}. 

llycTb ,n,aHo flocTaTOHHo Gojibnioe m. Tor^a pe3yjibTaT o^Horo mara ohchkh g m no pe- 
KyppeHTHoii dpopMyjie (9) mojkho 3amicaTb, ncnojib3yH cKajmpHoe yMHo^Kemie BeKTopa- 
ctpohkh Ha BeKTop-CTOJi6en;, cjie^yroiHHM o6pa30M: 

(11) 



g m > 2(g, 



q + l 



q + l 



r^;e a®, a®, a® - HaHMeHbmne H3 ajieMeHTOB KjiaccoB A\,A 2 h A 3 cooTBeTCTBeHHo, nojiy- 
hhbhihxch nocjie npHMeHemra oflHoro mara peKyppeHTHofl cpopMyjibi; q, , f 2 ^] - 

KOJiHHecTBa 3 jieMeHTOB , 3aBe,n;oMo npHHa,ziJie>Kam;Hx Ka>K^;oMy H3 KjiaccoB, nojiynHBiHHx- 
cs nocjie npHMeHeHHH cpopMyjibi. IIpHHeM \^-~\ - KOjnmecTBo sjieMeHTOB A 2 , He yHTemrbix 
npn noflcneTe KOJinnecTBa sjieMeHTOB Ai\ - kojihhcctbo 3jieMeHTOB A 3 , He ynTeHHoe 

npn noflcneTe sjieMeHTOB A\ h A 2 . 

Ilocjie nepBoro npnMeHeHHH cpopMyjibi (9), k Ka>K^;oMy cjiaraeMOMy, Bxo/i^ineMy b no- 
jiyHHBinyiocH cyMMy, Taicace npHMeHHM 9Ty pexyppeHTHyio cpopMyjiy, h t.ji;. PaccMOTpHM 
nocjie^oBaTejibHocTb Bjio>KeHHbix HHTepBajioB I C I± C . . . C I n , cooTBeTCTByioiinrx hh- 
TepBajiaM H3MeHeHHH hh^ckcob k cjiaraeMbix g^, bxo^hiuhx b cyMMy (9) ,njm g rn nocjie 
j npHMeHeHHfl peKyppeHTHofl cpopMyjibi, rji;e j = 1, . . . ,n + 1. 

m — s + 1 i m il 

v e n I L o J <v<[—\>, i = mm v; 

Z Z J ve io 

I] = \ v EN I L Z °~ 9 S + 1 J <v< L^j }, H = mmv; 

Z Z J i>e -fi 

(12) 



I - - i ^n— 2 — S ~h 1 , . 711 j 

7 n _i = DGN [ n J - v - LirJ ( i % n-\ = nun u; 



i ^n-i — s + 1 , , m . 

in = {v e N | J < « < bd 



2 J - - - L 2 J I ' n vil, 



9 



JleMMa 4. JJa-h I 



Hhcjio n = n(m) mm xothm Bt>i6paTb k&k mojkho Gojibine. EflimcTBeHHbiM orpaHiiieHiieM 
HBjiHeTCH ycjioBne i n -\ > s+3 (iiHane flajiBHeftuiee npnMeHeHiie cpopMyjibi (9) He3aKOHHo). 
TaKHM o6pa30M, i n = max{ j > s + 3 }. 

Onpe,u;ejiHM TaKsce HHCJia a* , z = 1, . . . , n; j = 1, 2, 3: 

a} = min{ o fc G A | G }. 

0,...,n - 1 : 



(13) 



JJoKasameAbcmeo. ^eftcTBHTejibHO, fljia KaJK,n;oro j G {1,2,3}, a l j - sto HaiiMeHBniHii 
H3 sjieMeHTOB Kjiacca Aj , nojiyHiiBniiixcs nocjie / + 1 npuMeHeHHH peKyppeHTHofl cpopMy- 
jibi (9). ripoflOJiacHM on;eHKy 3Toro sjieMeHTa no peKyppeHTHoii cpopMyjie. IIo^cHHTaeM, 
ckojibko HH^eKcoB k b cyMMe (9) fljiH rapaHTiipoBaHHo npHHa^jieacaT KjiaccaM Ai h A 2 
(ocTajiBHBie y^TeM xax npHHafljiejKamne ^3)- Hhcjio 6yneT oi^eHHBaTBcsi cmi3y yflBo- 
eHHofi cyMMott o + l ajieMeHTa Kjiacca A±, j" 2 ^-] sjieMeHTOB Kjiacca A2 h [^t^J sjieMeH- 
tob Kjiacca A 3 , npnneM hh^ckcbi yKa3aHHBix sjieMeHTOB npHHa^JiexcaT + ^] ; 

yxasaHHoe BbipaaceHne He MeHbine, neM cyMMa, nojiynaiomaHCH npn yMHOJKeHiin nep- 
boh cTpoKH MaTpiiubi 2A Ha cToji6en; (a' x +1 , a z 2 +1 , a^ 1 ) -1 , Tax xax a^ +1 r^e j = 1,2,3 













w\ 


m\ 




> 2A 






9 + 1 


LfJ 


rn 


w 








I 1 


L+J 





HaHMeHbinne 113 ajieMeHTOB cooTBeTCTByioiipix KjiaccoB c HH^excaMH, npHHafljieacamHMH 
^+1)^+1 + ^2^]- AHajiorHHHo paccMaTpiiBaeTCH a 2 h a 3 h, cootbgtctb6hho, BTopaa 11 

□ 



TpeTba ctpokh MaTpimbi A. 



JleMMa 5. IJycmb n - MancuMaAbno 603mochcho KOAuuecmeo npuMenenuu cfiopMy/iu (9) 
npu eunucAenuu g m , ospanuneHHoe ycAoeueM z n _ 3 > s + 3, mosda 



n > 



log 2 



m 



s + l 



4s + 4 



(14) 



JJoKa3ameAbcmeo. SaMeTiiM, hto ij < 2ij +1 + s, nosTOMy 

i <2n + s< 2(2i 2 + s) + s < . . . < 2 n i n + (2 n - l)s, r^e i n G {2, 
OTcio^a 

n > 



,s + 2}. 



TaKHM o6pa30M, 



min loff 2 

i„e2,...,s+2 



n > 



io + s 



z n + s 



m— s+l 



/O0 2 



J + 



2s + 2 



log 2 



m — s 



L 4(s + l) _ 



□ 



JleMMa 6. IJycmb X - Hau6oAt>mee U3 deucmeumeAbHux co6cmeeHHux 3HaHenuu Mam- 
puvfii 2A, sde A onpedeAena e (13), mosda: 



(9, 



q+1 



q + l 



)(2A) n 




(15) 
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JJoKasamejibcmeo. Tax kbr MaTpima A cjieBa h cnpaBa flOMHoacaercH Ha BeKTopa 113 
nojioacHTejibHoro oKTaHTa, to 



g+ 1 



)(2A) n > max(2A) n , 



(16) 



r,n;e max(2yl) n - MaKCHMajiBHBiii sjieMeHT MaTpimBi (2A) ra . 

IlycTb x - co6cTBeHHt>iii BeKTop MaTpiiiiBi 2A, oTBenaioiiiHH co6cTBeHHOMy 3HaHeHHK> 

A H 



x 



max(a;j | j = 1, 2, 3), Tor^a 



2Ax = Ax, {2A) n x = \ n x. 



Ou;eHHM | (2A) n x |: 

C O^HOfl CTOpOHBI | {2A) n X 



\ n x 



A n | x | Tax Kax A > 0; 



'^xi + a%>x 2 + a%>x 3 | < 3max(2A) n | x |, r^e (2A) n = {afA. 



» 



c flpyrott cTopoHBi, ^jih HeKOToporo z e {1, 2, 3}, 
| (2A) n x | = 

IIo9TOMy, 

max(2A) n > ^X n . 
06i>eflHHHH HepaBeHCTBa (16) h (17), nojiynaeM 



ij 



;i7) 



(9, 



g+ 1 



g + 1 



)(2A)» I a" | > -A" 



□ 

llpHMeHeHHe jieMM 4, 5 h 6 no3BOJiHeT npu m > 5s + 5 iipo^ojijkhtb HepaBeHCTBo (11): 



9m > 2(g, 



q + 1 



> 



2 / \ lo §2 m 



> 



g + 1 



1 



)(2AY 




(18) 



-m 



log 2 A 



3 _\log 2 (s+l)+3 " s log 2 (s+l)+3 

r^;e KOHCTaHTa b 3HaKe 3> HBjuieTCH aGcojnoTHofl. 

JleMMa 7. Hau6oAhmee U3 deucmeumejibHux co6cmeenHux co6cmeeHHUx 3HaneHuu Mam- 
puvfii 2 A, sde Mampui^a A onpedeAena e (13), - amo Hau6oAbiuuu U3 deucmeumeji'bHux 
Kopneu 

(i) MHOsouAena (2), npu s = 8r + 2, 1 e N; 

(ii) MHOSOH/iena (4), npu s = 8r + 6, 1 G Nk; 

JJ,OKa3ameAbcmeo. B cnynaax fi) h (u) MaTpima A npHHHM aeT, cooTBeTCTBeHHO, bh^ 



2r + 1 r r + 1 
2r + 1 r r 
2r r r + 1 



2r + 2 r + 1 r + 1 
2r + 2 r r + 1 
2r + l r + 1 r + 1 



TaKHM o6pa30M, xapaKTepiicTHHecKHM ,zyiH MaTpimBi 2A b cjiynae (i) GyneT MHoronjieH 
(2), a b cjiynae (ii) - MHoronjieH (4). □ 
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2. riycTb s = 4q, me q G N, q > 2 

3aMeTHM, hto fljia jiio6oro leTHoro m > s + 2 peKyppeHTHaa cpopMyjia (9) fljiH g m 
co^,ep>KHT | + 1 cjiaraeMoe, a ,zyiH jiio6oro HeneTHoro m > s + 2 yKasammji cyMMa HMeeT 
| cjiaraeMbix. BbmejiHM cpe,n;H Hnceji g m , m > 2 KjiaccBi C A 2 C A 3 : 



A 1 = {^|/ = 0( mod 4)} 
A 2 = {#|Z = 0( mod 2)} 
A3 = { ft |ZeN} 



(19) 



TaKHM o6pa30M, npn m > s + 3, npHHa^jiencHocTB g m Kjiaccy mohcho onpe^ejiHTb cjie^y- 
ioihhm o6pa30M: 

-^i — {dm\ cyMMa b (9) HMeeT | + 1 cjiaraeMoe, H3 kotopbix |~^] neTHBie} 

A2 = {<?m| cyMMa b (9) HMeeT | + 1 cjiaraeMoe, H3 kotopbix xoth 6bi neTHBie} 

As — {9m\ cyMMa b (9) HMeeT xoth 6bi | cjiaraeMBix, H3 kotopbix xoth 6bi |_f J neTHBie} 

IlpoBOflH paccyjK^eHHH, aHajiorHHHbie TeM, hto 6bijih npoBe^eHM npn paccMOTpeHHH 
npeflbiflymero cjiynaa, nojiynaeM bh,h MaTpnuBi A h fljiH Kanc^oro m > 5s + 5 oueHKy 



>2( 





A 










.2. 




2 



lij m 

LIJ 



> 



2 A log2 ' 




(20) 



> 



3 ^log 2 (s+l)+3 " s log 2 ( S +l)+3 

JleMMa 7'. Hau6oAt,mee U3 deucmeumeji'bHux co6cmeeHHUx co6cmeeHHUx 3HaneHuu 
MampuvfiL 2 A, sde Mampuua A onpedeAena e (20), - amo Hau6oA r bmuu U3 deucmeumejib- 
hux Kopneu 

(i) MHOSOH/iena (1), npu s = 8r,l G N; 

(ii) MHOsoHJiena (3), npu s = 8r + 4, / G N; 

JJoKasameAbcmeo. B cjiynaax (i) h (ii) MaTpiin;a A npHHHMaeT bh,h; 

'r + 1 r + 1 2r + T 

r r + 1 2r + 2 

r r + 1 2r + 1 

Tor,n;a xapaKTepncTHHecKHM pjm MaTpiirrBi 2A 6yn;eT MHoronjieH (1) hjih (3) cooTBeT- 

CTBeHHO. 

□ 
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Cjiynaft s=4. 

Heo6xo,n;HMO cpe^n nuceji g m ,m>2 BbmejiiiTb Kjiaccbi 

A = { 9 m I m = ( mod 2) } 
A 2 = {g m \m>2}. 

Tor^a, Kax h b cjiynae neTHoro s > 6, BBe^eM MaTpniry 



(21) 



IlycTB A - HanGojibniee H3 co6ctb6hhbix 3HaHeHHii MaTpnrrbi 2A. 

CHOBa paCCMOTpHM HHTepBajIBI Iq C . . . C I n , HHCJia io, . . . , i n (12) 

h HHCJia a\ = mm{g k G Ai \ k G Ij}, Tor^a ^jih Kaac^oro m > s + 2 



</ m >2(l (23) 
ecjiH m > 25, to npo^ojiJKHM HepaBeHCTBO (23): 

<? m > 2 (1 1) {2A) n Q > A^ 2 WJ1 » 

Cjiynaii s=2. 

llycTb a = 2. ,U,jih m = 6, 7, . . . , 11 iiojiojkhm gr 6 = . . . = gu — 1, Tax Kax cymecTByioT 
nocjieflOBaTejibHOCTH, y^oBjieTBopHroiniie ycjioBHio Harneii TeopeMBi, ^eftcTBHTejibHo: 

2 6 = (2,1,3,1,1,2), 
2 7 = (2,1,2,1,1,1,1,2), 

2 8 = (2,3,3,1,3,2), 

2 9 = (2,3,2,1,1,1,3,2), 
2 10 = (2,3,2,3,1,1,3,2), 

2 n = (2,1,1,2,3,3,1,1,2,2). 

JXjik m > 12 SHaneHHa g m BbmncjiHiOTca no peKyppeHTHoft (popivryjie (9), KOTopaa Tenepb 

IipHHHMaeT BH^ 

2m>2^ f j. (24) 

B 3tom cjiynae, b o6o3HaHeHHHx (12), i n G {6, 7, 8, 9, 10, 11}. OuemiM cmi3y m axciiM ajib- 
Hoe hhcjio n = n(m) npHMeHeHHft peKyppeHTHoft cpopnyjibi (9) ,hjih BBiHHCjieHHH g m . 
Hcnojib3y2 Taxne ace paccyac^eHHa, KaK h npn ,noKa3aTejibCTBe jicmmbi 5, nojiynaeM: 

m>2 n (i n + l), 

OTKy^a 



n > 



. m 
log 2 



12 



13 



Tor,n;a ,zyiH m > 12 HepaBeHCTBO (24) mojkho npo^ojiJKHTb: 



9m >2"g ln >2\^^ 



m 

> 
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Ecjih a > 2, nojio>KHM g2 = g% = Qa = 1 (TaK KaK cyrnecTByioT nocjie^oBaTejibHocTH, 

y^OBJieTBOpHIOmHe yCJIOBHK) TeOpeMBI, KOHTHHyaHTBI KOTOpBIX paBHBI, COOTBeTCTB6HHO, 

a 2 , a 3 , a 4 c HenojiHBiMH nacTHBiMH, orpaHHieHHBiMH a 2 ). J\jik m > 5 3HaHeHHsi g m bbihhc- 
jijhotch no peKyppeHTHofi cpopMyjie (24). MaKCHMajiBHoe KOJinnecTBO npHMeHeHHft pe- 
KyppeHTHoii cpopMyjiBi n = |~log 2 • TaKHM o6pa30M, npn m > 5 nojiynaeM g m > ^y 1 -. 

Cjiynaii HeneTHoro s > 3. 

B peKyppeHTHyio cpopMyjry ^jih g m , r^e m > s + 2 bxo,u;ht s ^ cjiaraeMoe, He 3aBHcn- 
mo ot neTHocTH m. TaKHM o6pa30M, fljia m > 5s + 5 cnpaBe^jiHBa cjie^yioiixaH ou,eHKa: 

( \ S + 1 , n 

9m = 2 [g\ rn I + . . . + m i > 2—— mm > (s + 1) mm g v > . . . > 



>(, +ir > ( , +1) r»wji> j^n, = 



m log 2 (s+l) 



(S + l) 3 + io 92(s+l) ^ _|_ ^3+«o S2 (s+l) ' 

IIpi! on;eHKe Gbijio HcnojiB30BaHo, hto HHTepBajiBi 1$ G I± G . . . G I n H3MeHeHHH hh- 
^eKCOB cjiaraeMBix, bxo^hiu;hx b peKyppeHTHyio cpopMyjry ,zyiH g m cooTBeTCTByioT (12) h 
ik, k G 1, 2, . . . , n. Taioice Gbijio HcnojiB30BaHo, hto n - MaKCHMajiBHoe KOJinnecTBo npn- 
MeHeHHH (popMyjiBi (9) - MoxceT 6bitb on;eHeHo corjiacHo jieMMe 5. 

TeopeMa 1 nojiHocTBio ^;oKa3aHa. □ 

JleMMa 8 (O cpaBHeHHH KopHeii MHoronjieHOB (l)-(4) h (7)). Cpedu Hau6ojit>uiux 
deucmeumejibHux Kopneu MnosoHAenoe (l)-(4) u (7) HauMeubmuM npu ecex docmamoH- 
ho 6ojibwux s aejifiemcfi Kopenb mhosohachq, (3). 

JJoKaaameAbcmeo. IlycTB Ai, A2, A3, A4, A7 - HanGojiBmne H3 KopHeii MHoronjieHOB (1), 
(2), (3), (4) h (7) cooTBeTCTBeHHO. Tor^a A, G (s, s + 1), npn i G {1,2,3,4}, to ecTB 
Aj = 0(s). Cjie^OBaTejiBHO, fljia Ai: 

A1 3 = sAi 2 + sAi + s, 

Ai = s + - — h o(l), nojiynaeM 
Ai 

Ai = s + 1 + e, r,n;e e = O 

— V s 

IlocTaBjiHJi 3to BBipaxceHHe b MHoroHjieH (1) h npHpaBHHBan k Hyjuo, nojiynaeM 

(s + 1 + e) 3 — s(s + 1 + e) 2 — s (s + 1 + e) — s = 0, hjih, 3KBHBajieHTHo, 

e 3 + (2s + 3)e 2 + (s 2 + 3s + 3)e + 1 = 0, oTKy^a 

1 (2^ + 3)£ 2 e 3 _ 1/1 

(s 2 + 3s + 3) (s 2 + 3s + 3) (s 2 + 3s + 3) s 2 =\s s 
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Cjie^oBaTejibHo, 

Ai = s+1 -i + ^(i) = s+1 + S' 

r^e e 1 E (-1,0). 

IlpoBOflH aHajiorHHHbie paccyac^emiH ^jih A2, A3, A4 nanynaeM: 

A2 = S + 1 -| + ^(^)' 
^• = - + 1-^+2(7). 

A4 = s+1 -i + ^(i) =s+1 + S- 

r^e 4 G (-1,0) 

TaKHM 06pa30M, Heo6xO^HMO CpaBHHTB npil S — >• OO BejIHHHHBI A2 H A3. 
,H,JIH STOrO nOJIOJKHM 



n 3 

A 2 = s + 1 r + ¥>2, 

s 2 



A 3 = s + 1 - + v? 3 , r^e </? 2 , V^3 = £ , 

H nO^CTaBHM 3HaHeHHH A 2 , H A3 B COOTBeTCTByK>m;He MHOrOHJieHBI. IIojiyHHM 

3 3 ^ / 1 A 3 2 „ 



¥>2 
V?3 



= !-^ +2 (i)=!-^e*3e(- 9 ,-6,. 

TaKHM o6pa30M, yiiiTBiBaji hto ^jih KajK^oro i e {1, 2, 3, 4} 3HaHeHiie Aj < s + 1, nany- 
naeM, hto HaHMeHBiniiM H3 Ai, A2, A3, A4A7 npn s — > 00 jiBjiaeTcs 

A 3 = S + l-| + ^-|, 6> 3 (=(-9,-6). 
3aM,euaHue 6. Banee TOHHoe BBipaxceHHe fljiH A3: 

n 3 3 6 9 15 
A3 = ^ + l- ? + ? - ? - 7 -^+2( 7 ). (25) 

□ 

JJoKasameAbcmeo meopeMU 2. 

CorjiacHo jieMMe 8, Hafl^eTCH s £ N, Taxoe hto ,zyiH Bcex s > Sq HanMeHBiiiHM cpe- 
HHceji Ai, A 2 , A 3 , A4, s + 1 HBjiHeTCH A 3 . PaccMOTpn npoH3BOJiBHoe Af e N, Af > a s °, h 

npuMeHHM TeopeMy 1 ,zyiH s = |_l°g2 • Tor^a ,zyiH ^ocTaTOHHo Gojibihhx m nojiy^HM: 

f m >4g m >C 3 (N)m Lo ^, 

TRe Cz(N) HMeeT bh,h;: 

□ 
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JJ,oKa3ameAhcmeo meopeMU 3. 

Kax h npn iipKa3aTejibCTBe TeopeMBi 1 BBmejiHM cpe/iii nnceji g m ,m > 1 Kjiaccbi 
A 1 C A 2 C A 3 (10). MaTpHii,a A 6yjieT hmctb bvljx- 




(26) 



B ocHOBe ,noKa3aTejiBCTBa jicjkht 



JleMMa 9. /(a« docmamoHHO 6oAt>uioeo m mochcho ymeepoicdamu, nmo xoma 6u na od- 
hom U3 Jf.-x nocAedoeamejibHUX uiaeoe euHUCAenun g m no peKyppenmHou (fiopMyAe (9) 
ecmpemuAocb CAazaeMoc, undem Komoposo cpaenuM c 5 no ModyAto 8. 

. ^0Ka3aTejiBCTB0 npoxo/XHT nepe6opoM bc6bo3mo>khbix ocTaTKOB npn jjejieHHH m Ha 128. 
J\jik npHMepa paccMOTpnM "HaHxy^niHit" cjiynaii, to ecTB Kor/ia cjiaraeMoe, HH/ieKc ko- 
Toporo cpaBHHM c 5 no Mo/iyjiio 8, noHBjineTCH Ha 4-m niare: nycTB m = 83 + 128&, k G N, 
Tor/ia 

5'83+128fc = 2 (^41+64/c + 9m+5ik + fi , 39+64fc) = 
= 4 (2c/ 2 o+32£i + 3(7i 9+ 32A; + 3(7i 8+32 fc + 2gi 7+32 fc) = 

= 8 (2(/io+i6fc + 8(? 9+ i 6/ fc + 10g 8 +i6fc + 10g7+i6fc + %6+i6fc) = 
= 16 (2g 5+8k + 20g A+8 k + 35# 3+8fe + 35^2+8^ + 25g l+8 k + 5g S k) , 

□ 



h HHTepecyiomee Hac cjiaraeMoe - nepBoe b nojiyneHHOM BBipa>KeHHH. 

JleMMa 10. IJycmt> 3ah docmamoHHO 6oAt>uiogo m npu eunucAenuu g m no (f)op.uyAC (9), 
nomuAOCb CAazatMoe c undeKCOM, cpaenuMUM c 5 no ModyAm 8. Tosda npu CAedywm,eM 
npuMenenuu (fiopMyAu (9) nomumca CAazaeMot, 3aeedoMO npunadAeoK,aux,cc KAaccy A 2 , 
ho ne ynmeHHoe, nan npuHadAeofcau^ee amoMy KAaccy (mo ecmt, ynmenHoe k(ik hucao U3 
As). 

J],0Ka3ameAt>cm60. Ecjih / = 5 ( mod 8), to / - HenerHo. Cjie/ipBaTejiBHo, gi Morjio 6bitb 
yHTeHo Kax hjich Kjiacca A 2 hjih A3. Ecjih oho Gbijio ynTeHo Kax hjich A 2 , to Ha cnepy- 
romeM niare Mbi nojiynHM 2 sjieMeHTa H3 Kjiacca A\ h ojxhh H3 A 2 bmccto 2 3jieMeHTOB H3 
Ai h ojj;Horo H3 A 3 . Ecjih yue gi ynTeHo Kax sjieMeHT Kjiacca A 3 , to nojiynaeM 2 sjieMeHTa 
H3 Ai h ojxhh H3 A 2 BMecTo o/iHoro H3 Ai, o/iHoro H3 A 2 h o^hoto H3 A 3 . 3aMeTHB, hto 
A\ C A 2 , nojiyiHM yTBepjKiieHHe jicmmbi. 

□ 

JleMMa 11. JJah docmamoHHO 6oAt>uioso m, npu < i < n — 5 — 5t (t G No, n onpedeAeno 
e (12)) eepno: 

/a\\ fa\ +5t+5 \ 



> 2 5 5* (2Af 



J+5t+5 



(27) 



sde 



B = A 5 + 




16 



JJoKa,3amejii>cm6o. Hpn t = yTBepac^eHne jicmmbi cjie^yeT H3 jicmmbi 4, npnMeHeHHon 
5 pa3. IlycTb jieMMa y»ce ,noKa3aHa fljia HeKOToporo t > 0. 

CcpopMyjinpyeM nojiyneHHBie Bbiine pe3yjiBTaTBi b TepMHHax MaTpnii. CorjiacHo jieM- 
M3M 9 h 10, fljis jiio6oro z HaiineTCH j G {2, 3, 4, 5}, Taxoe hto Ha i+j'-OM mare npHMeHemra 
cpopMyjiBi (8) iiohbhtch cjiaraeMoe, npHHa^jie>Karu;ee Kjiaccy A2, yHTeHHoe k&k 3jieMeHT 

H3 A3 (b TepMHHax JieMMBI 4). ,H,pyrHMH CJIOBaMH, 



(a\\ 



> 2 s 



(2 1 1\ 



2 1 

VV 1 1 v 



+ 



(° 1 

1 

\o 1 



-1 



J+j 



W7 



(28) 



Bo3BMeM HaHMeHBHiee H3 Taxnx j. JXjis ohchkh BeKTopa H3 npaBott nacTH eme 5 — j pa3 
npHMeHHM jieMMy 4, BBHny nero 



fa\\ 



> 2 j 



\ 



/0 1 -1\ 
1 -1 

\o 1 -V 



/ 



M +5 \ 



(2A) 



5-j 



J+5 



V«3 + V 



(29) 



/JoKanceM, hto JieMMa BepHa fljia t + 1. IIpHMeHHH HHnyKTHBHoe npe/xnojiOHceHHe k Bex- 
Topy H3 npaBofl nacTH (29), nojiyHHM: 







/ 


/o 


1 




\ 




>2 5 







1 


-1 




w 




V 


\o 


1 




J 



+5t+10\ 



(2 5 BY(2AY 



a 



j+5t+10 



(30) 



j+5t+10 



JieMMa 6yneT npKasaHa, ecjin noxasaTB, hto mhhhmym no j e {2,3,4,5} npoHSBeneHHH 
MaTpnn; b (30) (b CMBicjie onpe^ejieHHH 1) 6yn,eT npcTHrHyr npn j — 5. ^OKa3aTejiB- 
CTBa SToro cpaKra oueriiiM CHii3y npoii3Be,neHiie 



/0 1 -1\ 
1 -1 

\o 1 -1) 



A b -\2 b B)\2A) t 



J^JIH STOrO nOJIOJKHM 

npn t > 1, 
npn £ = 

11 npoBepiiM KOHenHBiM nepe6opoM no j e {2,3,4,5}, hto 



C = 




/o 1 


-1\ 




/o 


1 


-1\ 


1 


-1 







1 


-1 


\o 1 


-v 




V> 


1 


-v 



c. 



TaKHM o6pa30M, MiiriiiMyM ^ocTHraeTCH npn j — 5. 
JieMMa ^;oKa3aHa. 



□ 
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IlycTb A - HaiiGojibirree H3 fleiicTBHTejibHbix co6ctb6hhbix 3HaneHHH MaTpnubi 2A, r^e 
A onpe^ejieHo b (26); fi - HanGojibuiee H3 ^eftcTBHTejiBHBix co6ctb6hhbix sHaieHHH MaT- 
pnubi B (8). Tor^a 2^/Jl — A > 0.0000756 (hto MoaceT GbiTB npoBepeHo Henocpe^cTBeHHo 
Ha KOMnBKxrepe). 

TaKHM o6pa30M, HcnojiB3yH jicmmbi 9-11, ,zyiH ^ocTaTOHHo 6ojibuihx m mojkho ^tb 
Gojiee TOHHyio ou,eHKy rjik g m , neM Ta, hto nojiyneHa b TeopeMe 1: 

□ 

JJoKa3ameAbcmeo meopeMU 4- 

ByneM paccMaTpiiBaTB nocjie^oBaTejiBHoc™ (ai , . . . , a n ) npoH3BOJiBHofi ^jihhbi n, 

KOTOpBIX 

1. KOHTHHyaHT (ai, . . . , a n ) = 3 m ,r,n;e m G N, 

2. ^ < 3, i — 1, . . . , n, 

3. ai, a n = 2. 

,U,jih m = 1, 2, 3 nocjie^oBaTejiBHocTeii, yzjoBjieTBopnionnix yxa3 aHHBiM BBinie ycjioBH- 
aii, He cymecTByeT. O^Haxo, 

3 4 = (2,2,1,1,1,1,2), 

3 5 = (2, 1,1,1,3,1, 2,2), 

3 6 = (2,3,1,3,1,2,1,1,2), 
3 7 = (2,1,2,2,1,2,3,2,1,2). 

TaKHM o6pa30M, ,zyiH m > 8 bo3mo>kho npHMeHHTB BBiHHCJieHHH no peKyppeHTHoli cpop- 
Myjie: 

# m = 2a^j. (31) 
Tor^a fljia m > 8 nojiynaeM cjie^yromyio ou,eHKy: 

ftn>2 LM^)J>^±i. 

ym _ - 16 

YHHTBiBaH 3aMenaHHe 5, nojiynaeM yTBepac^eHne TeopeMBi. □ 

JJoKasameAbcmeo meopeMU 5. 

PaccMOTpHM nocjie^oBaTejibHocTb (2, 1, 2), fljis KOTopofl (2, 1, 2) = 2 2 -1 . IlycTB g 2 2 -i - 
,n;jia Ka>K^;oro k > 3 iiojiojkhm ^ 2 fc -i = 2g 2 fc - 1 -i- Tax xax / 2 2 -i > 92 2 -ii npHMeHHH jieMMy 
2 c 6 = 2 k yKa3aHHofl BBinie nocjie^oBaTejibHocTH nojiynHM, hto ,zyiH Kaacfloro k > 3 

/ 2 fc_! > £ 2 fc_i = 2 k . 

B HTore, c yneTOM 3aMenaHHH 5, nojiynHM / 22 fc_i > 2 fc . □ 

JJoKa3ameAt,cmeo meopeMU 6. 

IIoKajKeM, hto npHMeHeHHeM onncaHHoro MeTo^a b HexoTopBix cjiynaax HeB03Mo>K- 
ho nojiyHHTB 6ojiee TOHHyio no nopaflicy BejinnHHBi m orreHKy, neM Ta, hto flOKa3aHa b 
TeopeMe 1. 
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(i) CorjiacHo onncaHHio Hcnojib3yeMoro MeTo^a g 2 — . . . — g s +2 = 1. B peKyppeHTHyio 
cpopMyjiy fljiH g m , r^e m > s + 2 bxo^ht ^ cjiaraeMoe. 

TaKHM o6pa30M, ,h;jih m > 5s + 5 cnpaBe^jiHBa cjieflyiomaa ouemca: 

( \ S + 1 / \2 

g m = 2 Ui m I + . . . + g\ ms+i I < 2—— max < (s + 1) max #„<...< 

VL2J L 2 J / 2 i )<2- 1 m «<2- 2 m 

< (s + l) n max < m log2(s+1) . 

um<2 _n m 

Ilpn ouemce 6mjio Hcnojib30BaHO, hto HHTepBajibi 7o C I\ C . . . C I n H3MeHeHHH HH^eKCOB 
cjiaraeMBix, bxo^hihhx b peKyppeHTHyio cpopMyjiy fljiH g m cooTBeTCTByioT (12). Taxxce 
Gbijio HcnojiB30BaHo, hto KOJiHHecTBo n - npHMeHeHHH cpopMyjibi He Mo>KeT npeBbimaTb 
log 2 m. 

(ii) PaccMOTpHM HHCJia g m , BBe^eHHbie npn onncaHHH MeTo^a, Taxne hto m = 2 k — 
1, k e N, a TaKJKe nncjia b) = max{ g t e A h \ le {2 k ~ 1 - j - 1, 2 k ~ 1 ~ j - 3} }. Hanc-M- 
hhm, hto A{ ,h;jih i — 1,2 onpe^ejieHbi b (21). 

Ilpn k > log 2 5s + 6 npHMeHHM peKyppeHTHyio cpopMyjiy BbiHHCjieHHH g m (9). IIojiyHHM: 

= 2 fe-,., + 92t -,_ 2) = 2(i,i) (3) =4(i,i) (*"- + + < 

< 4(1,1) pmax^-^^^ + ^A = 4(1)1)A ^n < 

< 8(mm f 2 ma ^-s-i, ^-3-3) +^-a- 2 A =8(1 1)A 2 m < < 

V max(^ 2 3-i, 523-3) + 523-2 / I 5 7 + 9e 



= 2 fc - 3 (l,l)A fc - 4 (^ 



= 2 fe ~ 3 (l, l)A fe - 4 Q < A log2(m+1) < m log2 \ 



OueHKa cBepxy cTeneHH MaTpnnbi nojiyneHa cTaHjj;apTHbiM o6pa30M c noMoiHbio npHBe,ne- 

HHH MaTpHHbl A K JKOp^aHOBOH CpOpMe. TaKHM 06pa30M, npH BblHHCJieHHH g m yKa3aHHoro 

BHja;a HeB03Mo>KHo c noMoinbio Hamero MeTOJj;a nojiynHTb ou,eHKy cHH3y jiynme 3asiBjieH- 
hoh b TeopeMe 1. 

(Hi) B cjiynae s = 2 ,h;jih m - neTHoro b peKyppeHTHofl cpopMyjie (9) jj;jih g m mojkct 
6biTb ,/xBa cjiaraeMBix, a fljiH HeneTHoro m - ojxho cjiaraeMoe. Cjie,n;oBaTejibHo, jj;jih m > 
23, TaKoro hto m = 2 h — 1, rjj;e k G N nojiynaeM: 

g 2k _, = = 4^-2.! = . . . = 2 fc -V = 2 fe - 3 = h lo ^ m+1 ~> = l -{m + 1). 

TaKHM o6pa30M, yTBep>Kjj;eHHe TeopeMbi jj;oKa3aHo. 

□ 
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